Photon-arrival detector with a controlled phase flip operation between a photon and a 

V-type atomic system 
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We propose a photon-arrival detector (PAD), which detects the arrival of a signal photon and 
simultaneously projects the signal input state to a single photon state, with an atom-cavity system. 
In this proposal, use of a V-type system as the intracavity atom is discussed for implementing 
the PAD, since V-type systems have been widely studied in the field of solid state, enabling us to 
miniaturize and integrate that implementation. The performance of the proposed PAD is evaluated 
for a specific method of the detection process. The proposed PAD is capable of repeating the 
procedure for detecting the arrival of input photons and it has improves the detection probability 
so that it has a higher quantum efficiency than those of conventional photodetectors. 

PACS numbers: 03.67.Hk, 32.80.-t, 42.50.-p 



I. INTRODUCTION 

The quantum bit (qubit) is a new concept for the basic 
unit of information. It is an extension of the classical bit 
and it enables us to develop much more powerful methods 
for achieving secure communication and information pro- 
cessing. To implement a qubit, the information of a qubit 
(quantum information) is encoded in the quantum state 
of a microscopic physical system that is surrounded by a 
macroscopic system (the environment). Since the quan- 
tum state of the microscopic system is sensitive to the en- 
vironment in general, it is not easy to maintain quantum 
coherence of the system during the time taken to per- 
form operations on qubits. Thus, quantum information 
media has to be appropriately chosen in order to main- 
tain quantum coherence during operations on qubits. 

Photons and atoms are promising candidates for quan- 
tum information media, since their internal states have 
a high resistance to decoherence due to interaction with 
the environment. Photons are suited to the transmis- 
sion and processing of quantum information, and atoms 
are suited to the storing of that information. Photons 
and atoms should thus assume complementary roles in 
quantum information technology. In addition, an effi- 
cient interface for transferring quantum information be- 
tween photons and atoms is required. If quantum infor- 
mation is encoded in the polarization of a photon and 
in the ground and excited states of an atom, it will be 
important to generate an atom-photon entangled state. 
This is because the quantum information encoded in the 
polarization of a signal photon can be transferred to the 
internal state of the atom by performing a Bell measure- 
ment between a signal photon and a photon entangled 
with an atom. This information transfer corresponds to 
one-qubit quantum teleportation by a two-qubit entan- 
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gled state 0. A controlled-NOT (C-NOT) operation be- 
tween two qubits is required to implement atom-photon 
entanglement. This operation changes the bit value of 
the target qubit to its opposite value only when the bit 
value of the control qubit is 1. Recently, the implementa- 
tion and application of the C-NOT operation for photons 
and atoms have been studied extensively in the field of 
cavity quantum electrodynamics Q, since strong coher- 
ent interactions between a single atom and a few photons 
can be investigated using a small-volume optical cavity 
II- 

In order to efficiently generate atom-photon entangled 
states, the C-NOT operation needs to be implemented 
such that the input photon state must be a single-photon 
state and the input photon must interact with an atom 
within a time limited by the decoherence time of the in- 
ternal state of the atom. For this purpose, it will be 
useful to confirm the arrival times and the number of the 
input photons at the input port of the C-NOT gate before 
commencing the C-NOT operation. Since current single- 
photon sources § are not perfect on-demand sources 
(i.e., the light that they emit is described as a mixed 
state of zero- and single-photon) the above-mentioned 
confirmation will be especially important for efficiently 
generating atom-photon entangled states. 

In this paper, we propose a photon-arrival detector 
(PAD), which detects the arrival of signal photon and 
simultaneously projects the signal input state to a single 
photon state, with an atom-cavity system. The perfor- 
mance of the proposed PAD is quantitatively evaluated 
by calculating the detection probability of a signal pho- 
ton. The proposed PAD enables us to repeatedly detect 
the arrival of the input photons. The detection proba- 
bility of the proposed PAD will exceed the quantum effi- 
ciency of conventional photodetectors for a small number 
(i.e., less than ten) attempts, when the linear transmit- 
tance per attempt exceeds the quantum efficiency. 

The key element of the proposed PAD is the implemen- 
tation of a controlled-phase-flip (CPF) operation by an 
atom-cavity system. This operation changes the phase of 
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the target qubit by it only when the bit values of the con- 
trol and the target qubits are 1 with each other. Duan 
and Kimble have proposed a scheme for carrying out CPF 
A schematic setup to implement CPF between an 
atom and a photon is shown in Fig. [TJ A polarization 
beam splitter (PBS) transmits the X-polarized compo- 
nent of the signal photon coming from the signal input 
port Si„ and reflects the Y-polarized component of that 
photon, where X and Y represent any two mutually or- 
thogonal axes. The cavity is a one-sided cavity and the 
intracavity atomic system consists of one excited state |e) 
and two ground states |0) and |1), making it a A-type sys- 
tem. The transition between the ground state |1) and the 
excited state |e) is resonant with the X-polarized cavity 
mode. The X-polarized component of the signal photon 
excites that cavity mode. We evaluated the fidelity of the 
proposed scheme using the CPF operation described by 
the unitary operation U CPF = e 47r lo)<o|«>|x)<x| by numer _ 

ically calculating the shape mismatch between the input 
and the output photon pulses. The resultant gate fidelity 
was more than 99.9 % in the strong-coupling regime de- 
scribed by g k, where g is the coupling strength be- 
tween the cavity mode and the intracavity atomic system 
and k is the cavity decay rate. 
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unitary operation /7cpf is estimated by analyzing the 
responses of the atom-cavity for single-photon input in 
Sec. V. The performance of the PAD is then estimated 
in Sec. VI, based on the results of Sec. IV and V. In 
Sec. VII, experimental realization of an atom-cavity for 
the PAD is discussed. In Sec. VIII, our scheme for CPF 
is compared with that of Duan and Kimble. 



II. SCHEME FOR PHOTON-ARRIVAL 
DETECTOR 

Figure [5] shows the scheme for a PAD based on CPF 
with a V-type system. The polarization of the signal pho- 
ton is aligned in the X direction at the input port Si n . 
The probability amplitudes of the signal photon form a 
wavepacket that is directed to the one-sided cavity and 
then interacts with the atom-cavity system. It is assumed 
that there are only two allowed modes in the cavity: one 
is a X-polarized mode and the other is a Y-polarizcd 
mode. The X-polarized mode resonantly couples with the 
transition from the ground state |g) to excited state 
in the V-type three-level system shown in Fig. [21 Like- 
wise, the Y-polarized mode resonantly couples with the 
transition to excited state |£ 2 )- The coupling constants 
are gi and <? 2 , respectively. Such a level structure is real- 
izable by using real atoms [3| or quantum dot molecules 
Q with g-factor engineering @. 



FIG. 1: Schematic of the setup to implement CPF between an atom 
and a photon. With a polarization beam splitter (PBS), the X-polarizcd 
component of the single-photon signal pulse is reflected by the cavity, 
while the Y-polarizcd component is reflected by the mirror M. The 
optical paths from the PBS to the cavity and to the mirror M are 
assumed to be equal. X and Y are any two mutually orthogonal axes. 
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When processing many photonic or atomic qubits on 
an individual basis in a laboratory, it is important to 
miniaturize and integrate devices used to process qubits, 
and not just to increase the repetition rate of individual 
devices. In order to miniaturize and integrate CPF im- 
plementation in an atom-cavity system and to obtain sta- 
ble optical responses of an atom-cavity system to single 
photons, it is important to realize solid-state atom-cavity 
systems. Solid-state three-level systems have been exten- 
sively studied in experiments involving V-type systems, 
which consist of a single ground state and two excited 
states [1, 0|- It is thus interesting to discuss quantita- 
tively CPF in a V-type system together with its potential 
applications. 

The remainder of this paper is organized as follows. In 
Sec. II, the scheme for the proposed PAD is explained. 
In Sec. Ill, the Hamiltonian is presented for an atom 
in a one-sided cavity coupled with input and output ra- 
diative fields. The temporal evolution of the intracavity 
atomic system is then derived for a coherent pulse in- 
put (Sec. IV). The fidelity of the signal output from the 
atom-cavity system for an ideal output after applying the 



FIG. 2: Schematic representation of photon-arrival detector. 

The procedure for the PAD is described by the uni- 
tary operation [/pad = R (— 7r/2) • Ucpf • R (t/2), where 
i?(0)|g) = cos (0/2) |g) + sin (0/2) 16), and R(d)\&) = 
— sin (0/2) |g) +cos (0/2) |£ 2 ). The laser generates pulses 
to rotate the quantum state of the atomic system be- 
tween the ground state |g) and the excited state |£ 2 ). 
In this procedure, the initial atomic state is the ground 
state |g). The unitary operation [/pad converts the ini- 
tial state |X) s <£>|g) (|0) s <g>|g)) to the final state |X) S ®|£ 2 ) 
(|0) s <8>|g)), where state |0) s means that there is no photon 
in the signal input port. The atomic system is changed 
into the excited state |£ 2 ) only when there is a signal pho- 
ton in the signal input port, and it then emits a single Y- 
polarizcd photon. The arrival of a signal photon can thus 
be determined when a Y-polarized photon is detected at 
the detector Detl and a signal photon is simultaneously 
detected at the input port S,„ . Since this procedure does 
not affect the polarization state of the signal photon, it 
can be repeated until a photon is detected at detector 
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Detl. This ability to perform repeated attempts will 
be useful when detector Detl has a low quantum effi- 
ciency. In our calculations, the quantum efficiency (P e ff) 
was assumed to be 10 _1 , which is a typical quantum 
efficiency for detectors at optical communication wave- 
lengths (e. g., InGaAs avalanche photodiode detectors). 

It should be noted that when —tt/2 rotation is applied 
by the laser pulse, the corresponding cavity mode is pop- 
ulated and subsequently emits light having the same po- 
larization as the Y-polarized photon detected by detector 
Detl. We therefore have to wait for the start of the de- 
tection of that photon at Detl until the emission from 
the populated cavity mode is completed. The desired 
responses of the atom-cavity system to a signal photon 
wavepacket for CPF are as follows. When the atomic 
system is initially in the ground state |g), the phase of 
the wavepacket is shifted by ir and the atomic state is 
unchanged. On the other hand, when the atomic state 
is initially in one of the two excited states and ^2), 
the phases of both the wavepacket and the atomic state 
are unchanged. This response is described by the uni- 
tary operation Ucpf = exp [— i7r|g) (g| <g) |X)(X| S ], where 
|X)(X| S is a operator on the polarization state of the sig- 
nal photon. 

The performance of the proposed PAD is quantita- 
tively evaluated by calculating the probability that a 
photon is detected by detector Detl in sufficient time 
after the Y-polarized photon arrives at the detector, and 
the probability that the output signal state is a single- 
photon state after detection. We term this latter proba- 
bility 'credibility'. Note that the proposed PAD includes 
an atomic system so that its accuracy may be affected 
by spontaneous emission. It is thus necessary to analyze 
the effects of spontaneous emission on the scheme before 
evaluating the performance of the PAD. 

In our scheme, there are two spontaneous emissions 
via non-cavity modes. One is the transition from the 
excited state £1. The other is the transition from the 
excited state £2- The effects of spontaneous emission of 
the excited state £1 on the atom-photon CPF have been 
quantitatively discussed by Duan and Kimble 0]. If the 
spontaneous emission rate 271 via non-cavity modes is 
less than the cavity decay rate k, the effects on CPF are 
negligible in a strong-coupling regime for an input photon 
with an appropriate duration. In the present model, the 
effects of spontaneous emission will be negligible since we 
assume that n 3> 71 and that the pulse duration is much 
longer than 1/n in the regime g\ > n. 

On the other hand, spontaneous emission from the ex- 
cited state £2 is a new error source introduced by our 
scheme. The spontaneous emission rate 272 is given by 
27152/91- Note that coupling of the transition to the ex- 
cited state £2 with the Y-polarized mode of the cavity is 
required to be in a leaky-cavity regime: k 3> gi for our 
scheme (as explained in Sec. IV) and the corresponding 
radiative decay rate through the cavity mode is approx- 
imately T2 = g\ /k. If the rate 72 is comparable to the 
radiative decay rate T2, the effects of spontaneous emis- 



sion decay with the rate 72 on the atom-photon CPF will 
not be negligible. This problem is discussed in Sec. VII. 



III. MODEL 

To analyze the responses of the atom in a one-sided 
cavity to a single-photon pulse input, and the temporal 
evolution of the atomic state for a laser-pulse input, it is 
necessary to develop a model of spatiotemporal propaga- 
tion to and from the atom in a one-sided cavity. 

The proposed model is illustrated in Fig. [3J The cav- 
ity couples with the radiative field mode F c via a cav- 
ity mirror whose transmittance is Mi M2). In this 
figure, |g), |£i) and ^2) denote the ground and excited 
states of the V-type three-level system. It is assumed 
that there are only two allowed cavity modes. One is 
the X-polarized mode and the other is the Y-polarized 
mode. The vertical arrow (F c ) on the left side of the 
cavity represents the input (r c < 0) and output (r c > 0) 
fields at the cavity, where r c corresponds to the spatial 
coordinate. The double-headed arrow at the origin of 
the vertical arrow represents the coupling between the 
atom-cavity system and the radiative field F c . 



Mi > M 2 
Mi, .M 2 




r c > 


r c < 



FIG. 3: Schematic representation of cavity geometry. 



The total Hamiltonian for this model is as follows. 

i=i,2 



(1) 



with H 



0) 



dk hckb F (k)b Fcj (k) 



H 



intF c 



dk ihJ — (j) F .{k)dj — a^bF cj (k) 



where &_ — |g)(£j|, and dj and b Fj {k) are the annihi- 
lation operators for the jth mode of the cavity and the 
radiative field Fj (j = 1,2), respectively. 

The cavity modes j = 1 (X-polarizcd mode) and 2 
(Y-polarized mode) are resonantly coupled to the tran- 
sitions to the excited states |£i) and {£,2), respectively. 
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All the Hamiltonians presented in this paper have been 
formulated in a rotating frame defined by the transition 
frequency of the atomic system u>^ = uj^ 2 = luq. The 
wave vector is also defined in the rotating frame, that 
is, k Fcj is defined relative to the resonant wave vector 

ojq/c. The factor ^/ck/tt is the coupling constant be- 
tween the cavity modes and the radiative fields, where k 
is the cavity decay rate due solely to the coupling of the 
cavity mode with the radiative field F C j . The factor gj is 
the coupling constant between the cavity mode and the 
atomic system. 



By integrating eq. the temporal evolution of d 2 is 
obtained as 

d 2 (t) =-ig 2 J dt e- K ('-*' ) ai 2) (t')+e- K ('- i< )a 2 (t i ) 
ft 

-V2^ J dt e-^- 1 y b Fc2 (-c(t -U);ti) (5) 

In the leaky-cavity regime k 3> \/n^g 2 , eq. §5§ is approx- 
imated as 



IV. CONDITIONS FOR CONTROLLING THE 
INTRACAVITY ATOMIC STATE 

The proposed PAD includes ir/2 and — tt/2 rotations 
between the ground state |g) and the excited state \£ 2 ). 
These rotations are Rabi rotations with Y-polarized laser 
pulses through the Y-polarized mode of the cavity. In this 
section, we discuss the optimal conditions of the cavity 
decay rate k, the coupling constant g 2 , and the input 
laser pulses for preventing entanglement between the Y- 
polarized cavity mode driven by the laser pulses and the 
atomic system. 

The quantum state of the Y-polarized cavity mode 
driven by the laser pulse should reach a steady coher- 
ent state before interacting with the atomic system to 
avoid entanglement. An interaction time with the laser 
pulse comparable to the cavity decay time 1/k is required 
to reach a steady coherent state, and the effects of the 
interaction of the atomic system with the intracavity pho- 
tons become significant for interaction times larger than 
l/(^/n^g 2 ), where n a is the average intracavity photon 
number. The inequality relationship between these two 
interaction times should therefore be in the leaky-cavity 
regime k ^> ^/n^g 2 to strongly suppress entanglement. 
This situation is described by solving the Heisenberg 
equation of motion with the Hamiltonian given by eq. ([T]) 
for j = 2. The temporal evolution of b Fc2 (k) is then de- 
scribed as 

b Fc2 (k;t) = e- ick Wb Fc2 (k;ti) 

dt e- lck{t - t ' ) a 2 {t) 

(2) 

, where ti is the initial time of the evolution. The Heisen- 
berg equation of motion for d 2 



a 2 (t) ~ -i^cj ( V(t) + e -"( t -*i)a 2 (t i ) 

K 

-V^kcJ dt e- K(t ~ t,y b Fc2 (-c(t - U);ti) (6) 

( 2 ) 

Likewise, the Heisenberg equations of motion for a_ and 
03 are described as 



a m {t)=ig 2 ^>{t)a 2 {t)- l2 a^{t) 



(2) 



dt 



(7) 



dS* ^ 



2ig 2 (ai(t)a { V(t)-a { ^(t)a 2 (t)) 
-7 2 (4 2) «+l), (8) 



where a 



(2) _ 



(16X6 



<g|) 



The effects of spontaneous emission with a rate of 272 
are included in eqs. ([7]) and ©. 

Since, in the present analysis, the atom-cavity system 
is in the ground state prior to the arrival of the coher- 
ent laser input pulse, the cavity-state amplitude and the 
excited-state amplitude arc initially zero. Under these 
assumptions, the initial state is described by 

|*(*i)> = |a) Fc2 <8> \Vac) a2 ® |g), where \a) = D(a)|Vac) 



with D(a) = exp 



dr a(r;ti)b F (r;ti) 



-a*(r;ti)b Pc2 (r;ti) 



(9) 



— a 2 {t) = -ig 2 a K _'(t) - 
at v tt 




(3) 



is obtained by substituting eq. ([2]) into eq. ((3j) as 

( 2) / " 

= -ig 2 a y _'(t) - na 2 (t) - V2ncb Fa2 (-c(t - t») 



dk b Fc2 (k; t) l n eq. ©, a(r; ti) is the initial spatial distribution of the 

input laser pulse amplitude and D(a) is the correspond- 
ing displacement operator. 

Approximate equations for the time evolution of the 

longitudinal and transversal components of the atomic 

(2) ( 2 ) 
system (03 (t)) and (a_ (t)) under the initial state given 

(4) by eq.© are thus obtained by substituting eq. © into 
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eqs. and (g]) as 

:(^ 2) W)--(f +7 2 ) <*«(«)) 



li ' 



(10) 

|(^ 2) (*)) - "2 (f + 72) (<4 2) (*)> + l) + 2*52^ 



*-<*-*'> - (ai 2) (t))*e in (i')) , 

(11) 

where e ifl (f) = -y/ca(-c(i - ij); i*). 



e»7i(*) = < 



for i < i 4 
e^e fort t <t<t f 
fort/<t 



(12) 



The solutions for eqs. (fT0|) and (TlTj) are given by 

(ai 2) W) 



>i 2 >(i)) 

0) + s_ 



for t < t i 
for t,- < t < t 



f > 



<d-r J (if))e-( r2 +' w )(*- t ^ for < i 



(13) 



where 



8^/2/3^ 



((l-T) e A +*(/ + + / + (0)) 



+ (l + T)e A -*(/_+/_(0))) 

:((l-T)/ + + (l+T)/_) 



with r 2 = gf/w, & = r 2 / (r 2 + 72 ), ™ m = e 2 / (r 2 + 72 ), 

T = VI - 32/3 2 n,„, 
72 + r 2 



(3±T),/± =± 



16ni 



T(3±T 



-, and 



/±(0) = ^(^((4 2) (^)> + l) 



(14) 



(4 2) W) 



where 

u 3 (M) = e A +('-^ (J+(0) +/+) + e A -('- t ') (J-(0) + /_) 
s 3 = - (/+ + /- + 1) • 

S— and S3 are steady states that become dominant in the 
long-pulse limit. Rabi oscillation in time-dependent com- 
ponents w_ (t, 4>) and Vs(t, 4>) becomes dominant when the 
average input photon number fn n given in eq. (|14|) ex- 
ceeds l/(32/3 2 ). In the following discussion, we treat the 
case when 72 = in order to investigate the effects of 
radiative relaxation through the cavity mode. The ef- 
fects of spontaneous emission on the atom-photon CPF 
are discussed in Sec. VII. 

The transversal and longitudinal components relax 
with a relaxation rate of T 2 during the interaction of 
the laser pulse with the signal photons. This relaxation 
suppresses the preparation of the initial atomic state (a 
half-way state) (|g) + |6» A/2 = \$h) for <f> = -tt/2 
and this will reduce the probability of detecting a sig- 
nal photon in the PAD. To investigate the influence of 
dipole relaxation on that preparation, the Bloch vector 
representation is introduced below. 

The Bloch vector representation for the atomic state 

PatomW) = 5 U + Z)i=i Pii^iJ is described using the 
transverse and longitudinal components given by 

P 1 (t) = {a^(t)) + {a^(t))* 
, and P 3 (t) = (a { 3 2 \t)). 

(16) 

The density matrix p a tom(t) is rewritten by using the 
half-way state for the phase of the input laser 4> = 
—tt/2 as 



Patom 

+ PjUi)l*hX*hl 
i + Pi(t) 



where Ph(t) 



**><*/»!), (17) 
_1-P 1 (t) 



and P£(t) 



'(4 2) (*)) iort<U 
V3 (t, <f>) + S3 for ti < t < tf 

y ((4 2) (*/)) + l) e- 2 ^+^)(*-*/) - 1 for t f < t 

(15) 



The probability P£(t) given in eq. (jTTJ) is the projection 
probability for the orthogonal half-way state 1$^). This 
probability is increased by dipole relaxation. The state 
1$^-) changes to the excited state |£ 2 ) after the second ro- 
tation R(— 7r/2) in the procedure of the PAD when there 
is no photon in the signal input port. This reduces the 
accuracy of the proposed PAD. The PAD therefore re- 
quires that the probability P/r(t) be negligibly small at 
the stage of the first rotation R(7r/2) and during the in- 
teraction of the atom-cavity system with the signal input. 
For this reason, it is important to increase the Rabi fre- 
quency to ensure that rotation finishes before the effects 
of radiative relaxation become significant. However, it is 
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not possible to increase the average input photon number 
n in arbitrarily to increase the Rabi rotation frequency, 
due to the restriction to be in the leaky-cavity regime 
k 3> \fn^,gi- To achieve a projection probability P/i(t) of 
more than 0.99, we analyzed the time evolution of Pfc(t). 



Figure Ufa) shows the time evolution of the projection 
probability to the half-way state for weak coherent input 
pulses having a duration of 5/T 2 and average input pho- 
ton numbers of n in = 0.03 (solid line), 0.3 (broken line), 
and 3 (dotted line) starting from the ground state |g) . For 
fiin = 0.3, the effect of Rabi oscillation is slight for short 
time periods of less than 2/T2, whereas for fii n = 3 the 
effect of Rabi oscillation become significant in this time 
region causing the maximum probability to increase up 
to about 0.96. The average input photon number should 
thus be much larger than fii n = 3 for preparing the ini- 
tial atomic state. For example, the maximum probability 
exceeds 0.99 when n in > 50. 



Figure SJb) shows the time evolution of the projection 
probability to a half-way state for strong coherent input 
pulses having durations of 5/T 2 and an average input 
photon number of fii n — 10 2 (solid line), 10 3 (broken 
line), and 10 4 (dotted line). The maximum probabilities 
are 0.993, 0.997, and 0.999 for n m = 10 2 , 10 3 , and 10 4 , 
respectively. These results are valid in the leaky-cavity 
regime k ^ g2\fn^-, where the average intracavity pho- 
ton number is about n a ~ 2rii„ ■ T2/K. For example, 
when 172 is assumed to be 10 -2 • k, the average intra- 
cavity photon numbers for fii n = 10 2 , 10 3 , and 10 are 
n a ~ 2 • 10 -2 , 2 • 10 _1 , and 2, respectively. All cases sat- 
isfy the leaky-cavity regime under the above-mentioned 
assumption: (72 = 10~ 2 k. However, an average input 
photon number fii n of larger than 10 7 does not fall in 
the leaky-cavity regime. This implies that the upper- 
limit of the average input photon number n,i n depends 
on the scale of 52 due to the need to be in the leaky- 
cavity regime. 



(a) 



In our PAD, we will have to wait for the start of the 
detection at Detl until intra cavity photons introduced 
by laser pulses go away from the devices for the PAD, 
as mentioned in the second last paragraph of Sec. II. We 
evaluate this waiting time using the exponential decay of 
the average intracavity photon number n a for the decay 
rate k, described by n a e~ 2KT . For example, the times 
for the photon number to decrease to less than 10 -3 are 
t = 3/k, 5.3/k and 7.6/k for average intracavity photon 
numbers of n a — 2-10~ 2 , 2-10 -1 , and 2, respectively. The 
probability of the excited state |£ 2 ) gives the upper limit 
of the detection probability for the probe photon emitted 
from the intracavity atom. The upper limit decreases to 
at least e~ 2F2T = 0.9994, 0.9989, and 0.9985 for waiting 
times of t — 3/k, 5.3/k, and 7.6/k when T2 = g 2 / K = 
10 l K. 
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FIG. 4: Projection probabilities (a) Pft.(*) f° r weak coherent pulse 
inputs of duration 5/T2 and average input photon numbers of fiin — 
0.03 (solid line), 0.3 (broken line), and 3 (dotted line) starting from the 
ground state |g), and (b) for strong coherent pulse inputs of duration 
5/T2 and average input photon numbers of n, n — 10 2 (solid line), 10 3 
(broken line), and 10 4 (dotted line). 



V. RESPONSES OF THE ATOM-CAVITY 
SYSTEM TO SINGLE-PHOTON INPUT 



After the first rotation R(7r/2) in the procedure of 
the PAD, the unitary operator [/cpf operates on the X- 
polarized state of the signal photon and the ground state 
|g) without changing the pulse shape of the signal photon. 
Note that, in the present proposal, the unitary operation 
is assumed to be realized by the interaction of the sig- 
nal photon with the atom in the one-sided cavity. Such 
an interaction generally alters the pulse shape of the sig- 
nal pulse in the cavity output [l(| • This change increases 
when the procedure of the PAD is repeatedly applied and 
reduces the fidelity of the output photon pulse from the 
atom-cavity system after applying the unitary operator 
C^CPF- It will thus be necessary to analyze the fidelity 
in order to evaluate the performance of repeated appli- 
cations of the proposed PAD. 

When the input state of the signal photon and the 
intracavity atomic system are described as 



|* in ) = IVO® (cg|g> + c&|&», (18) 

/CO 
dr tpi n {r)\r), 
-00 



which is the X-polarized signal photon input state, and 
the wavefunction i\) in (r) describes the spatiotemporal en- 
velope of that photon pulse on the input light field (the 
region r c < in Fig. 3). The output state of the ideal 
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unitary operation J7cpf is described as 

l^ d ut al ) = l^n)®(c ?2 |6)-C g |g)), 

where \ip in ) = / dr ip in (r + d)\r) 



(19) 



The output state differs from the input state by the phase 
between the ground state |g) and the excited state |^)- 
The parameter d represents the relative delay time from 
the input photon pulse described by the state \ipi n ), and 
is d = in ideal operation. However, a finite d will not 
affect the performance of the CPF. 

The output state from the atom-cavity system is de- 
scribed by 



out/ 



16 



(20) 



The states IVw) an d Woutl are the output photon states 
when the atomic system is in the ground and in the ex- 
cited states, respectively. 

The fidelity of the output state to the ideal one is thus 
given by 



F(d) = |«i*out)| = \c^F% t (d) + \c^Ff nt {d), 



(21) 



where 



Ft(d) = (AMlt), Ff nt {d) = -<vyvo g ut>- 

In particular, when F^ t (d) is equal to Ff nt (d) for a cer- 
tain delay time d — d pi the fidelity F(d) is constant for 
all values of c g and c^ 2 . We then define the 'gate fidelity' 
by ¥ int = Ft t {d p ) = Ff nt {d p ). 

To evaluate the gate fidelity Fi n t, it is necessary to 
determine the responses of the atom-cavity system to 
single-photon input when the V-type three-level system 
is initially in the ground state |g). In this section, we 
derive its solution and evaluate the gate fidelity Fi nt for 
both strong and weak coupling regimes. The gate fidelity 
F int should be larger than 0.99 to effectively suppress the 
influence of entanglement between the atomic system and 
the output photon on the atomic state in the second ro- 
tation R(-tt/2). 

The state of the field-atom-cavity system for single- 
photon processes can be expanded on the basis of the 
wavenumber state \ki) of the radiative field, the excited 
state of the V-type three-level system |Ei), and the cavity 
single-photon state |Ci). The state \ki) denotes a state 
with the atom in the ground state g, the cavity mode a± 
in the vacuum state, and one mode of the " F c \ field" k\ in 
the first excited state, with the remaining states being the 
vacuum state (i.e., \ki) — |g, 01 , lfei))- Likewise, |Ci) — 
|g,l ai ,0 fel ), and |Ei) = |£i, Ol , fcl ). The quantum state 
for the single-photon process can then be written as 



|*(t)) =$(E 1 ;t)|E 1 )+A(Ci;t)|C 1 ) 
dk\ ip(ki] t)\ki) 



(22) 



On the base of this, the Hamiltonian given by eq. JT]) for 
j = 1 can be expressed as 



ih 



dfci (|fci><Ci| - |Ci><fci|) 



Hiph = ftckx 

fcK 
7T 

+ % 1 (|Ci)(E, |E, ;.,("', | ) 

where k\ — 



dh \ki){ki\. 



(23) 



The equations for the temporal evolution of the probabil- 
ity amplitudes ^(Ei; t), A(Ci; i), and ip(ki; t) can thus be 
obtained from the Schrodinger equation ihd / dt\^> (t)) = 
#!*(*)) using eqs. (22} and ([23]) as follows. 



dt 



$(Ei;i) - -igA(d;t) 



(24) 



dt V 7T J 



dk\ ip(ki;t) 



_ (25) 

^(h;t) = -ihciP(h;t) + <[^A(Cnt) (26) 
at \ tv 

The evolution ip(ki;t) can be obtained by integrating 
eq. (EH): 



ip(ki',t) = e 



-ikxc(t — 1{) 



— j dt e 



zfcicf t—t 



A(Ci;t 



(27) 



where U is the initial time of the evolution. 

To describe the evolution in real space, the results tak- 
ing the Fourier transformation of eq. (|27p are given by 



-j= JZodki e ik ^{h;t) for n < 



_ i f°° dk 

^/2tt J-oo 



i e 



iki -ri 



i/)(ki;t) for 7-i > 



(28) 



= < 



The real-space representation of the temporal evolu- 
tion on the field F c % is then given by 

i>{ry,t) 

ip(ri - c(t - U);ti) for n < 
-V'O*! - c(t - ti);ti) for c(t - ti) < n 

-V(ri - c(t-U);U) - ^2fiA(Ci;t- ^) 

for < n < c(t - ti). 

(29) 

The first case corresponds to the amplitude of a single 
photon propagating on an incoming field r\ < and the 
second case corresponds to the amplitude of a single pho- 
ton reflected by the cavity mirror and then propagating 
on the outgoing field T\ > 0. The third case consists of 
two parts: the component reflected by the mirror, and 
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the amplitude of a single photon re-emitted by the out- 
going field r\ > after being absorbed by the cavity. 

The temporal evolution of the cavity single-photon am- 
plitude can be obtained by solving a matrix representa- 
tion consisting of eqs. (|24|) and (|25| : 



df 



$(E x ;t) 
A(Ci;i) 



ig\ /*(Ei;t) 
i 5 Ky l ^A(C l5 t) 



il)(-c{t-ti);ti) 



output wavefunction describes the far-field state of the 
photons after they have interacted with the atom-cavity 
system. In general, the wavefunction of a single photon 
propagating in space is given by ip{r\\t) = tp(r\ — ct; U). 
Eq. ([32]) can therefore be simplified by transforming to a 
moving coordinate system, i. e., n — ct — r. In this coor- 
dinate system, the output wavefunction in the outgoing 
far field is expressed as 



(30) 



, and using the Fourier transform (|28|) . Since, in the 
present analysis, the atom-cavity system is in the ground 
state |g) before the arrival of the signal photon, the initial 
amplitudes of the cavity state A(Ci;tf) and the excited 
state $(Ei;fj) are zero, and the field amplitude ipi(r;ti) 
is zero for the region r± > 0. Under these conditions, 



A(Ci;t) = 



-h-(t)Q- +h + (t)ft- i 



where h±(t) = -\f2ck / dt e" n±(t "*' ) ^(-c(i - t); U), 



and n± = \ k ± y k 2 - 4g 2 J /2 for g x ^ k/2. 

When is larger than k/2, the imaginary component 
of fi± corresponds to the vacuum Rabi frequency. For 
a spontaneous emission rate of 2-71, the rate k in f2± 
is substituted by the rate 71 + k, which corresponds to 
the half width of the spectrum of the atom-cavity system 
at the Rabi frequency. The vacuum Rabi splitting sup- 
presses the effects of spontaneous emission on the pulse 
shape of the signal input. This is because, when the cen- 
ter frequency of the signal pulse is tuned to the transition 
frequency of the excited state and the pulse duration 
increases beyond 2/(/t+7i), the overlap between the spec- 
trum of the signal with that of the atom-cavity system at 
the Rabi frequency decreases significantly. In real space, 
it corresponds to a decrease in the amplitude of the cav- 
ity state A(Ci; t) so that the signal no longer excites the 
atom-cavity system and is not totally reflected by the 
cavity mirror. 

To investigate the outgoing amplitude ij){r\ > 0;t) 
for an arbitrary incoming amplitude under the above- 
mentioned initial conditions, it is convenient to represent 
the outgoing amplitudes as matrix elements of the evo- 
lution operator in the following manner. 

V(r i; i) =<ri|*(t)) 

dr x uip/,^!,^;*- if) 

X xpiir'^ti) (32) 

Here, ui p ? l (ri, r x ; t—U) is the matrix element of the evolu- 
tion operator e~ft fflph , representing the transition proba- 
bility amplitude from the state \r x ) at time ij to the state 
Iri) at timet, where M = -4= f°° dk t e~ lkiri \kx). The 



ipout{r) 



dr ui p h (r,r ) x if> in (r ) 



, where u lph (r, r ) is given by 

Ui p h(r; r ) = u rof (r; r ) + u ac (r; r ) 
with u rc f (r; r ) = — S (r — rj 



(33) 



(34) 



2k -e 



'fi_+e~ 



(31) 



and u ac (r;r ) = { for r < r' 
for r > r . 

The component u re f is the reflected component for the 
reflected photon without being absorbed by the atom- 
cavity system, while u ac is the transition component for 
photons re-emitted by the atom-cavity system. 

We can now calculate the fidelities Ff nt (d) and F-£ t (d) 
using the input and the output wavefunctions as 

/>oo 

F int( d ) = dr <M r + d ) ■ 4>out{r) for 5 i > 



(35) 



Ft(d) 



dr lp in (r + d) ■ ip out (r) for g x = 0, 



(36) 



When Ff nt {d) is equal to Ff^Jd), we denote the relative 
delay time d by d p . In eqs. (I35|) and (f3"6"]l . the velocity of 
light c is taken to be 1. 

Figure [5] shows the fidelity Ff' t (d) for the input wave- 
function ipin(r) — e~ 2 \ r \l L I y/L/2. For a pulse duration 
of L = 4/k, F^ t (d) has a peak at the delay time d ~ 1/k 
due to the relative pulse delay caused by the cavity decay 
rate 2k. As the pulse duration L is increased, this effect 
becomes weak, as shown by the plots for L = 40/k and 
L = 400/k in Fig. El 

Figure [6]^a) shows the fidelity Ff nt (d) for a coupling 
constant of g x = 0.1k. In such a leaky-cavity regime, the 
atomic system and the cavity mode do not interact co- 
operatively with the input pulse and there is no vacuum 
Rabi splitting. In this situation, the intracavity atomic 
system interacts with the input pulse through the sin- 
gle mode of the cavity. The relative it phase flip from 
the input wavefunction is thus caused by the absorption 
and reemission processes of the intracavity atomic sys- 
tem [ll|, [l2[ • The dipole relaxation rate of that atomic 
system is approximately ~ 9x/k = W~ 2 k. This im- 
plies that a high fidelity of Ff nt (d) can be obtained for 
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input pulse durations larger than 100/k. Thus, Ff nt {d) 
for L = 4/k and L = 40/ k do not exceed 0.1 and 0.7, 
respectively, as shown in Fig. [l^a). The peak of Ff nt {d) 
for L = 40/k is caused by the increase in the relative 
pulse delay due to the long dipole relaxation time, which 
is given approximately by 1/ri = 100/k. The gate fi- 
delity F mt = Ff nt (d p ) = F% t (d p ) for = 400/k is 0.936. 
It should be noted that when the phase flip operation 
fails, the fidelity Ff nt {d) is negative. It has been shown 
that there is a small relative delay of less than the rel- 
ative time delay d — 10/ k for L — 4/k and L = 40/k 
in Fig. 6(a). Indeed, this regime is not appropriate for 
CPF, because the effects of spontaneous emission with a 
rate of are not negligible unless the dipole relaxation 
rate T\ is much larger than 71, which was not assumed in 
our model. In the following, this regime is not discussed 
for CPF. 

Figure H^b) shows the fidelity Ff nt (d) for an input 
wavefunction and a coupling constant of g\ = k. For a 
pulse duration of L = 4/k, the Ff nt (d) has a peak at the 
delay time d — 3/k due to the relative pulse delay caused 
by the cavity decay rate k. When the pulse duration L is 
increased, this effect becomes weak, as shown by the plots 
for L = 40/k and L — 400/k in Fig. [DJb). The vacuum 
Rabi splitting in the regime g\ — k suppresses absorption 
of the input photon pulse by the atom-cavity system and 
the reflection of that pulse by the cavity mirror becomes 
significant as the input pulse duration is increased. This 
reflection changes the phase of the input pulse by n and 
therefore the maximum values of Ff nt (d) are 0.982 for 
L = 4/k, 0.999 for = 40/k, and 0.999 for = 400/k. The 
gate fidelity was 0.964 for L = 4/k, 0.999 for = 40/k, 
and 0.999 for = 400/k. We truncate numbers to three 
decimal places, because it is sufficient to discuss the per- 
formance of the PAD with an imperfect detector having 
a quantum efficiency of less than 10 _1 . More accurate 
calculations will need to be performed if we apply CPF 
to a C-NOT when quantum information processing with 
several qubits. 

Figure [6jc) shows the fidelity Ff nt (d) for the coupling 
constant g\ — 10k. The qualitative features are similar 
to the case for g\ = k. The vacuum Rabi splitting in the 
regime g\ — 10k strongly suppresses absorption of the 
input photon pulse by the atom-cavity system relative to 
the previous case. The maximum value of F mt (d) there- 
fore increased to 0.999 even when L — 4/k. However, 
the gate fidelity was reduced to 0.937 due to the effect of 
the relative pulse delay on the fidelity F^ t (d) . The gate 
fidelities F mt for L = 40/k and = 400/k were 0.998, and 
0.999, respectively. 

The time for the interaction between the signal pho- 
ton and the atom-cavity system for CPF needs to be 
much shorter than the dipole relaxation time l/r2 of 
the excited state £2 to avoid an unexpected transition 
to the excited state £1. The interaction time Stmt can 
be defined using the input pulse duration L and the rel- 
ative time delay d p for the gate fidelity F,- n j. The in- 
put wavefunction has a probability of 0.999 in the region 



— 1.75L < r < 1.75L. The interaction time Sti nt should 
thus be 3.5L + d p . The dipole relaxation time l/r2 has to 
be more than 10 2 -Sti nt for the relaxation of the projection 
probability P/i(i) (given in cq. (TIT)) ) to be less than 1 %. 
This means that the coupling constant 172 should be less 
than yj k / (10 2 SU n t) . In the coupling regime g% = k and 
gi = 10k, the coupling constant g^ should be less than 
k/40 for L = 4/k, k/120 for 40/k, and k/380 for 400/k. 
That is, the ratio between the two oscillator strengths of 
the V-type three-level system: (gi/52) 2 should be more 
than 40 2 in the strong coupling regime g\ > k. In partic- 
ular, the regime g% ~ k is better than the regime gi n 
since it can achieve a gate fidelity of Fi nt = 0.999 for a 
short time duration of L = 40/k, and it minimizes the 
time taken for the interaction with the atom-cavity by 
increasing g\. Furthermore, minimization of the interac- 
tion time minimizes the effects of spontaneous emission 
from the excited state ^2) on the projection probability 
to the half-way state. 
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FIG. 5: Fidelity F^ t (d) for an input pulse duration of L = 4/k, 40/k, 
and 400/k. 



VI. ACCURACY AND EFFICIENCY OF 
PHOTON-ARRIVAL DETECTOR 

In the following discussion, the gate fidelity Fi nt is 
taken to be 0.999 based on the results of the previous 
section which showed that this value suppresses the in- 
fluence of entanglement between the signal photon and 
the intracavity atomic system on the atomic state af- 
ter the second rotation R(— 7r/2) in the procedure of the 
PAD. In order to characterize the performance of PAD 
shown in Fig. [2l we introduce conditional probabilities 
P^ AD = 0,1). An index i — 1(0) means that there 
is a (no) signal photon in the signal input port and an 
index j = 1(0) means that the detector Detl has (not) de- 
tected a photon. We proceed to evaluate the conditional 
probabilities Pf AD and Pg AD . The order of operation by 
the laser pulses is (i) tt/2 rotation and (ii) —tt/2 rotation. 
The rotation (i) converts the ground state into a half-way 
state. When there is a signal photon in the signal input 
port, the half-way state is changed into the orthogonal 
half-way state by the phase flip of n in the ground state 
\g). Rotation (ii) then changes the orthogonal half-way 
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tonian for the interaction of the atom-cavity system with 
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FIG. 6: Fidelity F? t (d) for the input pulse duration L = 4/k, 40/k, 
and 400/k. (a) the ratio gi/re = 0.1, (b) = 1, and (c) = 10 



state into the excited state ■ On the other hand, when 
there is no photon in the signal input port, the half-way 
state by rotation (i) is changed into the ground state |g) 
by rotation (ii). We write the probability of the phase flip 
of 7r as P(j) (t r + Sti n t), where 5ti n t corresponds to the in- 
teraction time of the signal photon with the atom-cavity 
system (see Sec. V) after a time t r taken for rotation by 
the laser pulse. Likewise, the projection probabilities of 
the density matrix of the atomic system p a tom (i) to the 
excited state starting from the half-way state, and to the 
ground state starting from the orthogonal half-way state 
are written as Pl^ (t r + t), and P%\(t r + t) respectively, 
where the delay time r corresponds to the start time for 
the detection of a Y-polarizcd photon at Detl after rota- 
tion (ii). 

The temporal evolution of the intracavity atomic sys- 
tem during the interaction time Stmt is dominated by 
the dipole relaxation of the excited state |^) through 
the cavity mode, and by the interaction with the signal 
photon. The generator of the temporal evolution is given 
by — 1^2) {C2 1 , where the first term is the Hamil- 



r(i) 



itF c 



H 



(i) 



given 



the signal photon = HfJ + H\ 
in eq. ([T]) and the second term effectively describes the 
generator of the dipole relaxation by the rate T2 in the in- 
tracavity atomic system. This is because, the equations 
of motion for the longitudinal and transversal compo- 

(2.) f2) 

nents, (a_ (t)) and (03 (t)), derived from the Heisen- 
berg equation of motion with the total Hamiltonian H 
given by eq. (fTJ) are the same as those derived from the 
generator ffW — «r 2 1^2) (^2 1 for the input field amplitude 
ei n = in the leaky-cavity regime. Since the relaxation 
term — ir 2 1^ 2 ) {€2 1 commutes with the Hamiltonian 
the atomic density matrix during the interaction time 
8t in t is given by 



Tr 



lph 



exp 



Plph <8> Patom(t) exp 



(37) 
1 



, where p a tom(t) is the same as eq. (|17[) for the in- 
put field amplitude e; n = 0, and Tri p ^ [. . .] traces the 
signal photon state. Thus, the probability of phase 
flip 7r: P/;\(t r + SUnt) corresponds to the probability 
Ph{t r + St^t) x Fint using eq. (j3"T|) and eci. tfTT)) start- 
ing from the ground state |g). Likewise, the probabilities 
Pf?.. (t r + t) and Pfj. j (t r + t) correspond to the probabili- 
ties (l+P 3 (i r +r))/2 and (l-P 3 (t r +r))/2, respectively. 
The conditional probability P^ D can thus be described 
as 



P?i AD = P(.)(t 



-St int ) ■P%{U + T) -Peff 

3W, 



(38) 



where the probabilities P er T and P n oise(7") correspond to 
the quantum efficiency of the detector Detl and the av- 
erage intracavity photon number after the delay time r, 
respectively. Likewise, 



3 PAD 

01 



(1 - F h (t r + 5t int )) 

x P| ) (t P + r).P aff 



dark 



3(r), 



(39) 



where the probability (1 — P/j(t r + Stint)) corresponds to 
that for the failure of the initial rotation to produce a 
desired half-way state. The state corresponding to that 
failure is the other half-way state orthogonal to the de- 
sired half-way state. As mentioned in Sec. Ill, such an 
orthogonal state causes the emission of probe photons 
when there is no photon in the signal input port. The 
probability Pdark corresponds to the dark count rate of 
the detector Detl. 

In the regime k = g\ and gi = k/120, we calculated 
the conditional probabilities P^ D and Pqi^ D . When 
calculating the projection probabilities P/;)(£r + Stint) 

and P(y\(ir + T )? we adapted the input pulse dura- 
tion L = 40/ k and the average input photon number 
fkn = 10 4 . Using eqs. ([H]) and [fP7|). we get P(i)(t r +<^»nt) 
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and P&x(t r + t) are 0.994 and 0.981 at t r = 80.64/k, 
Stint — 144/ k and r — 4.2/ k, respectively. The condi- 
tional probability Pf AD is thus 0.974 • 10" 1 + 4.5 • 10" 4 = 
9.785 • 10~ 2 , where the second term corresponds to the 
probability P no isc(T)- The probability P no ise was ini- 
tially n a = 200 for h in = 10 4 and then decreased to 
PnoiseC'?") = n a ■ exp[— kt] = 4.5 • 10 -4 after the delay time 
t = 4.2/ n. Likewise, the conditional probability Pq AD is 
5.88 • 10~ 3 • 10" 1 + 10~ 5 + 4.5 • 10~ 4 = 10.48 • 10" 4 , where 
the second term corresponds to the dark count rate of 
Detl, which was assumed to be Pdark = 10 -5 in units of 
10/r 2 = (1.6 • 10 4 )/k. 

The proposed PAD allows us to apply the procedure of 
the PAD many times to detect photon arrival. In the fol- 
lowing, we discuss the accuracy of the detection of photon 
arrival after repeated applications. That accuracy can be 
evaluated by the average number of counts at Detl due 
to photon arrival divided by the average total number of 
counts at Detl. Describing the linear transmittance to 
return a signal photon to the signal input port as Pt per 
round trip, the average total number of counts at Detl 
after n applications in the PAD can be written as 

N Dotl = PiN° ctl + P N? etl 



where N? etl = pP AD • ^(Pt)"- 1 

k=l 

/ n \ 

+Poi AD -U-E( p T)^ 1 



k=l 



and N^ eti = n ■ P 01 



PAD 



1, repeated applications of the PAD projects a signal in- 
put state into a single photon state with the detection of 
photon arrival by counts at the detector Detl. 

Figure Eta) shows the dependence of the accuracy of 
detecting photon arrival Ppad on the linear transmit- 
tance Pt after n = 5 (solid line), 10 (broken line), and 25 
(dotted line) applications for a random input Po = Pi = 
1/2, PP AD = 9.785 TO" 2 , andP^ AD = 10.48 TO" 4 . P PAD 
increases with increasing linear transmittance Pt and de- 
creases with increasing number of applications. The cor- 
responding average number of counts at Detl increases 
with increasing linear transmittance, and with increasing 
number of applications. We evaluate the efficiency of the 
proposed PAD by comparing with the responses of ideal 
photodetectors. Since ideal photodetectors detect sig- 
nal photon by probability Pi, we define the efficiency of 
the PAD (P P ad) with the accuracy of detecting photon 
arrival Ppad when the average total number of counts 
N Dctl is equal to the probability Pi. If the linear trans- 
mittance Pt is larger than 0.9, the efficiency of the PAD 
exceeds 0.95 for n < 25, as shown in Fig. 7(a). 



(40) 




, where Pi is the probability that there is a signal photon 
in the signal input port before starting the PAD proce- 
dure, and Po is the probability that there is no photon 
in the input port. X)fc=i (Pt)^ 1 in the equation above 
corresponds to the average number of times that a signal 
photon appears in the signal input port in n attempts. 

The accuracy of detecting photon arrivals after the re- 
peated applications can thus be described by in terms 
of the average number of counts at Detl due to photon 
arrivals, Pi •PP 1 ad -(ELi(Pt)' £ - 1 ), 

Ppad = Pi (pfi AD ■ E^)"" M /N Dctl 

(41) 

for n applications. 

Referring to the practical use of the repeated applica- 
tions, once a count is registered by detector Detl in Fig. 
2, that application is stopped and the next signal input is 
processed in the same way. The signal input state charac- 
terized by probabilities Po and Pi is finally projected into 
the state with a single count at Detl. Ppad corresponds 
to the ratio of a single photon in the state projected by 
one count at Detl. If the probability Ppad is equal to 
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FIG. 7: Success probabilities and average detection numbers for n — 5 
(solid line), 10 (broken line), and 25 (dotted line) attempts for Po = 
Pi = 1/2, P p f D = 0.0974 + 4.5 • 10" 4 - 9.785 ■ 10 -2 , and p£f D = 
5.88 ■ 10~ 3 • 10" 1 + 10" 5 + 4.5 • 10 -4 = 10.48 ■ 10~ 4 . Dependence of 
(a) Ppad and (b) ]Sj Dctl Q n linear transmittance Pt- 



VII. DISCUSSION OF EXPERIMENTAL 
REALIZATION 



So far, we have neglected the effects of spontaneous 
emission on 72 = 7132/31- However, since 72 can be 
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comparable to the radiative relaxation rate T2, sponta- 
neous emission may affect the projection probabilities 
P(i) and PffU given in eqs. {55]) and (|39p . For exam- 
ple, 72 is approximately equal to 1.2r2 for gi/g2 = 120 
and 7! = 1CP 2 k. In this case, the probabilities P^A D 
and Poi^ calculated in the previous section, become 
0.0947 + 4.5 -llT 4 = 9.515 • 10~ 2 and 11.75 • 10~ 3 • 10~ 4 + 
10~ 5 + 4.5 • 10~ 4 = 16.35 • 10~ 4 , respectively, due to the 
decrease in the probabilities P(q and P%y The resul- 
tant accuracy Ppad is then 0.983 at the limit Pt = 1. 
The performance of the PAD is about 0.006 less than 
that when there is no noise due to spontaneous emission. 
This result means that spontaneous emission with a rate 
272 will not be a source of error in the strong coupling 
regime g\ > k, if the spontaneous emission rate 271 is 
much smaller than the cavity decay rate 2k. 

In Sec. V, we demonstrated that a ratio between the 
two oscillator strengths of the V-type three-level system 
of 40 2 < (<?i/<?2) 2 is required for a high gate fidelity of the 
quantum phase flip operation. Such a high ratio may be 
quite difficult to realize for real atoms. However, artificial 
molecules consisting of semiconductor nanostructures are 
a potential solution. Note that the oscillator strength 
is proportional to the convolution between the electron 
wavefunction and the hole wavefunction in a neutral ex- 
citon. Therefore, increasing the average distance be- 
tween an electron and a hole will cause the correspond- 
ing oscillator strength to decrease. A single quantum dot 
molecule (e. g., coupled disk quantum dots) allows us 
to engineer the ratio between the oscillator strengths of 
the intradot exciton and the interdot exciton to be ex- 
tremely asymmetric by controlling the distance between 
two dots 0. Different polarization selection rules for in- 
tradot and interdot excitons can be achieved by g-factor 
engineering A promising candidate for an atom-cavity 
system for the experimental realization of the PAD will 
thus be a quantum-dot molecule in a confocal or photonic 
crystal cavity (or both). 

Experimentally, the dephasing time of the superposi- 
tion of the ground and the excited states is much faster 
than the lifetime of the excited state and it will be less 
than 1 ns [13j due to, for example, electron-electron scat- 
tering with residual electrons outside the quantum dots 
at a low temperature of a few K Thus, the pulse time 
of the input photons has to be much less (much less than 
1 ns) than the dephasing time to ensure that the half- 
way atomic state interacts with the photons. The cavity 
decay rate k should be larger than a few hundred giga- 
hertzs (200 ~ 300 GHz) in order to excite a X-polarized 
cavity mode with such a short pulse. From the results 
of the fidelity analysis of the phase flip operation given 
in Sec. V, the coupling strength g\ has to be comparable 
to, or larger than the cavity decay rate to achieve a high 
gate fidelity by the interaction of photon pulses with the 
atom-cavity system in a few tens of picoseconds, which 
is much shorter than the dephasing time. 

To achieve such a large coupling strength, a small cav- 
ity with a volume comparable to the third power of the 



transition wavelength, is necessary, since the coupling 
strength is proportional to the dipole moment of the tran- 
sition to the excited state £1 and the square root of the 
cavity mode volume. Note that the dipole moment of 
light-hole exciton in a GaAs quantum dot is typically 20 
D. Confocal cavities consisting of two curved mirrors can 
theoretically achieve a maximum coupling strength g\ of 
more than 100 GHz with a radius of curvature of less 
than 2 ^m (calculated assuming a refractive index of 3.4, 
a cavity length of 1 fim, and a transition frequency of 
2 x 10 14 Hz and using the theories described in [l5l. flq). 
Another potential solution is 2D-photonic-crystal cavities 
since they can achieve a maximum coupling strength g\ 
of larger than 200 GHz by realizing cavity mode volumes 
of less than the third power of the transition wavelength 
in the range of A = 0.9 ^1.5 /im [17] . 

A remaining problem is the influence of dephasing dur- 
ing Rabi rotation by laser pulses. As discussed in Sec. IV, 
when the 172 is assumed to be 10~ 2 • K, the average pho- 
ton number n„ = 10 4 satisfies the leaky-cavity regime. 
In this case, Rabi rotation to the half-way state can be 
achieved in a few tens of picoseconds, which is much 
shorter than the dephasing time. 

In summary of this section, we require that the cav- 
ity decay rate and the coupling strength of the transition 
to the excited state £1 is more than one hundred times 
greater than the dephasing rate between the ground state 
g and the excited state £2 • This requirement can be satis- 
fied using semiconductor quantum dots and cavities. Fur- 
thermore, using a high decay rate and a coupling strength 
of a few hundred gigahertz will enable us to perform PAD 
and C-NOT operations at a high repetition rate. 



VIII. COMPARISON OF REPETITION RATES 
OF DUAN AND KIMBLE SCHEME AND OUR 
SCHEME 

It is interesting compare the repetition rates of our 
scheme with those of Duan and Kimble's scheme [2] . The 
difference between our scheme and their scheme is the 
atomic internal state used for CPF. In our scheme, the 
rotational operation between the ground state |g) and 
one of the two excited states ^2) is performed using laser 
pulses, through the cavity mode coupled with the excited 
state. On the other hand, in the Duan-Kimble scheme, 
the rotational operation should be conducted between 
two ground states, although the method for achieving 
this was not specified in their paper If Rabi oscil- 
lation by laser pulses is used, rotation is achieved by 
using two laser pulses having orthogonal polarizations, 
as the result of quantum interference between the two 
half-way states. Note that the rotation in their scheme 
cannot be performed through cavity modes within the 
framework of the A-type system. This is because one of 
the two ground states is coupled with the cavity mode 
in a strong coupling regime rather than the leaky cav- 
ity regime. We therefore assume that rotational opera- 
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tions are conducted by directly irradiating laser pulses 
through the gap between cavity mirrors. The transverse 
dimension (Gaussian waist) of a confocal cavity consist- 
ing of two mirrors that have equal radii of curvature can 
be calculated by simple Gaussian beam propagation the- 
ory, which gives a good approximation when the radius 
of curvature of the mirrors is much larger than the cav- 
ity length (although it is not strictly accurate for length 
scales less than a few times the cavity length). The mini- 
mum cavity length of a confocal cavity (in which the laser 
beam passes through the gap between the edges of the 
confocal mirrors) should be larger than 15 • A a to ensure 
that the average scattered photon number is less than 
1CP 2 . The corresponding cavity mode volume for a ra- 
dius of curvature of 10 5 • A a is about 1.3 • 10 4 • A^, where 
A a is the transition wavelength of the intracavity atomic 
system. On the other hand, the minimum cavity length 
of a cavity that does not have the laser access is A Q /2. 
The minimum mode volume is about 78.4 • A^. Thus, the 
ratio of the mode volume without laser access to that 
with the laser access is thus 165.65. The atom-photon 
coupling rate is inversely proportional to the square root 
of the mode volume. The atom-photon coupling rate g\ 
for the case without laser access is thus 12.87 times larger 
than that for the case with laser access. This means that 
our scheme can achieve atom-photon CPF 12.87 times 
faster than the Duan and Kimble scheme with a A-type 
system for the regime g\ > k, since we assume that their 
scheme does not perform rotations between two ground 
states through the cavity mode by laser pulses. 

Indeed, the performance of our scheme for the atom- 
photon CPF on applications is not determined solely by 
the results given above since the time taken for rota- 
tion generated by laser pulses is not negligible. Since the 
Duan-Kimble scheme for CPF was proposed with the in- 
tention of applying it to two-photon C-NOT, we compare 
our scheme with their scheme for application to C-NOT. 
The Duan-Kimble scheme for two-photon C-NOT con- 
sists of three atom-photon CPF and two rotational oper- 
ations. The total operation time for C-NOT is 3-St int for 
A-type atomic systems since the time taken for those ro- 
tations is negligible. St int is the time taken for CPF. On 
the other hand, the time taken for those rotations is not 
negligible for our scheme. The minimum time is about 
10 times of the time taken for CPF Stmt m our scheme. 
It is given by 10 • St int / 12. 87 by using the time taken 
for the CPF in their scheme. The total operation time 
for C-NOT is thus 3 • St' mt /12.87 + 2 • 10 • St' int /12.87 = 
1.787 • St' lnt . Our scheme in two-photon C-NOT will be 
1.679 times faster than that of the Duan-Kimble scheme 



due to the minimization of the cavity size. For a "dream" 
mirror with a radius of curvature of the order of the tran- 
sition wavelength A a , it might be possible to achieve a 
C-NOT that is 6.5 times faster than the Duan-Kimble 
scheme. For circuits including more CPFs than rota- 
tional operations, the difference in the repetition rates 
will be significant. 

IX. CONCLUSION 

Detection of photon arrival based on a CPF using a 
V-type system was discussed. The gate fidelity for the 
CPF was calculated by analyzing the responses of the 
atom-cavity system to single photon input. A maximum 
gate fidelity of more than 0.99 in the strong coupling 
regime g — k 3> 71 was achieved. The efficiency of the 
proposed PAD was estimated by analyzing the responses 
of an atom in a one-sided cavity for laser pulse input and 
calculating the accuracy and the average total number 
of counts. An efficiency of up to 98.9% was found to be 
possible by increasing the transmittance per round trip 
of a signal photon. 

There are two drawbacks in the present scheme of the 
PAD. One is that it takes a long time (~ IO/T2) to ini- 
tialize the intracavity atomic system to the ground state 
|g) before starting the PAD procedure. A long initializa- 
tion time decreases the repetition rate of the PAD pro- 
cedure. The other drawback is that the accuracy Ppad 
is smaller than 0.989 due to the linear transmittance Pt 
being smaller than 1. These problems may be solved by 
direct detection of the excited state |^) in a quantum 
dot molecule with a quantum point contact. 

Nevertheless, the proposed PAD procedure enables us 
to apply the PAD procedure many times to detect the ar- 
rival of input photons and the average number of counts 
j^Deti exceec j s t ne quantum efficiency of photodetectors 
in a small number (less than ten) of applications, when 
the linear transmittance is larger than the quantum ef- 
ficiency. Furthermore, by minimizing the cavity size 
our scheme for atom-photon CPF may be capable of 
achieving a higher repetition rate than the Duan-Kimble 
scheme [2j. 
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